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Abstract

We show that any counterexample to Seymour’s Second Neighborhood Conjecture on n
vertices with minimum out-degree ¢ satisfies n > 2§ + 3. Combined with the recent result of
Sadhukhan, Sandeep and Sen that the conjecture holds for minimum out-degree at most 7, this
implies that any counterexample has at least 19 vertices.

Let D be an oriented graph: a finite directed graph with no loops and no digons. For v € V(D),
let NT(v) denote the out-neighborhood of v, let d*(v) = [Nt (v)|, and let

Nt (w) = {weV(D)\ (N*(v)U{v}) : u— w for some u e N (v) }

denote the second out-neighborhood. Seymour’s Second Neighborhood Conjecture, first published
by Dean and Latka [1], asserts that every oriented graph contains a vertex v with |[N*F(v)| > d* (v).
A counterezample is an oriented graph in which |[N*T(v)| < d*(v) for every vertex v; note that
every vertex of a counterexample has out-degree at least one.

Theorem 1. Let D be a counterexample to the Second Neighborhood Conjecture on n vertices with
minimum out-degree 6. Then n > 2§ + 3.
Proof. Since D is oriented, nd < 3, d*(v) = |E(D)| < (5), so n > 26 + 1.

Case n = 20 + 1. Equality holds throughout, so D is a tournament. Tournaments satisfy the
conjecture by Fisher’s theorem [3], so D is not a counterexample.

Case n =20 + 2. For v € V(D) set e, = d*(v) — & > 0, let ¢, be the number of non-neighbors of
v in the underlying undirected graph, and set r, = e, + t,,. Let M be the number of non-adjacent
unordered pairs. Counting arcs,

S dtw) = [B(D)| = (25;2> ~M,  hence Y e,=6+1— M.

v

Since >, t, =2M,weget R:=)  r,=0+1+M > 1.
Let Z = {v:d*(v) =d}. At most ), e, =8+ 1 — M vertices have e, > 1, so

1Z| > (26+2)—(+1—M) = 6+1+M = R.

Each v € Z satisfies [NT1(v)] < 6 — 1, so among the 2§ + 1 vertices other than v, at least
(260+1)—6— (6 — 1) =2 lie outside {v} U Nt (v) U NTH(v). Let

P={(v,w) :veZ w¢ {v}UNT(v)UN*T(v) }, so |P| > 2|Z] > 2R. (1)



Now fix w € V(D) and let By, ={v e Z: (v,w) € P}, b, = |By|, and
A, = NT(w)U {non-neighbors of w}, |Ap| = dT(w) +ty = 6+ 7.

Let v € By,. Then v /4 w, so either w — v or {v, w} is a non-edge; in both cases v € A,,. Moreover,
for every u € N*(v) we have u # w (since w ¢ NT(v)) and u 4 w (otherwise w € N+t (v)); hence
u € Ay. Therefore

ve Ay, and NT(v) C Ay \ {v}.

Since |[NT(v)] =6 and |Ay \ {v}| = § + ry — 1, the vertex v out-dominates all but at most r,, — 1
vertices of Ay, \ {v}. As B,, C Ay, in the induced oriented graph D[B,,| every vertex has out-degree
at least by, — 7.

We claim that b, > 1 implies r, > 1 and b,, < 2r,, — 1. Indeed, if b, > r,, counting arcs
in D[By] gives by (by — 1) < (bg’), hence b, < 2ry, —1; and if 1 < b, < 1y, then r, > 1 and
by <71y < 21y — 1 directly. Summing over w,

Pl => by < > (2ro—1) = 2R-[{w:r, >1}| < 2R-1, (2)
w Wy >1
using R > 1 in the last step. Inequalities (1) and (2) contradict each other, so n # 2§ + 2. O

Corollary 2. Any counterexample to the Second Neighborhood Conjecture has at least 19 vertices.

Proof. Sadhukhan, Sandeep and Sen [5] prove the conjecture for oriented graphs of minimum out-
degree at most 7, extending the threshold of Kaneko and Locke [4]. Hence any counterexample has
0 > 8, and Theorem 1 givesn > 2-8+ 3 = 19. O

Remark. Seacrest [6] showed that if a counterexample with minimum out-degree § exists, then
one exists on at most (5;“1) vertices. Consequently, if some counterexample has minimum out-
degree exactly 8, then a counterexample D exists with 19 < |V(D)| < 36. Moreover, Espuny Diaz,
Girdo, Granet and Kronenberg [2] showed that a vertex-minimal counterexample satisfies 6T > \/n;
combined with Theorem 1, a vertex-minimal counterezample on 19 vertices would necessarily have
0t =8 exactly.
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